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AbItract-The plane wave reflection coefficient is derived for a layered halfspac:e with an arbitrary
number of layers, and it is compared to previously published results ofothers. The structure is then
specialized to silver and nickel layers on a copper substrate. and the reflection coefficient is studied
numerically for changing layer thicknesses and frequency. Dispersion curves for the lowest
Rayleigh mode are presented, and the nonspecular reflection of bounded acoustic beams from the
water-silver interface is studied.

I. INTRODUCTION

This paper is the third in a series by the authors concerning nonspecular reflection of
bounded acoustic beams in water from the liquid-solid interface of layered elastic media.
In (1) we derived in closed analytical form the reflection coefficient for a single layer on
a dissimilar substrate using linear elasticity theory. We also obtained in that paper the
corresponding results for three different approximate models for the thin layer.

In [2) we studied the exact reflection coefficient derived in [1), and we numerically
evaluated its modulus for a wide range of material combinations. These included cases
previously studied by others, such as the elastic halfspace without layers as well as the
single elastic layer submerged in water. A rather e~tensive list of references to this work
is contained in [2) and will not be repeated here. We also studied in [2] the specific examples
of the "stiffened" and "loaded" halfspace as distinguished by Farnell and Adler[3] by the
relative values of the material constants of the layer and halfspace. The reflection
coefficient was studied as a function of the frequency-thickness parameters. In particular,
we investigated and explained the stiffening case for values of the frequency-thickness
parameter greater than the cut-off value for the propagating Rayleigh mode. This cut-off
occurs when the Rayleigh pole in the complex wave number plane reaches the shear wave
number (which is a branch point of the reflection coefficient) of the substrate. We found
that the mode still exists, in a sense, for frequency-thickness values above the cut-off, but
its energy leaks into the substrate. For very high values of this parameter, however, the
Rayleigh mode of the layer is approached. This occurs when the frequency-thickness
parameter becomes large enough so that the amplitude of the Rayleigh wave for the layer
material has essentially decayed to zero at the interface depth.

In the present paper we consider the case of two elastic layers on an elastic halfspace.
In certain types of diffusion bonding the need for such a structure arises. The reflection
coefficient and the associated nonspecular reflection of bounded acoustic beams in water
provide possible avenues for detecting interface flaws in the structure. In Section 2 we
consider a single elastic layer (in vacuum) containing a set of longitudinal and transverse
plane harmonic waves, and we show that the matrix function relating the velocity and
traction at one face to those quantities at its other face is independent of the phase of the
waves. It can therefore be applied to each layer in a multilayered halfspace without regard
to the position of the layer. This result was implicitly assumed and used in Thomson[4)
and Brekhovskikh[5]. We then derive in Section 3 the reflection coefficient for a general
multilayered halfspace submerged in a liquid. The result obtained has a different phase
from that presented in [4, 5]. The structure is specialized to two layers in Section 4, and
the particular case ofsilver on nickel on copper is studied. Numerical results are presented
for the modulus of the reflection coefficient for various thickness ratios of the two layers
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and various values of frequency-thickness parameters. Also the lowest Rayleigh mode pole
is obtained as a function of these parameters. Finally, beam profiles are calculated for the
nonspecular reflection of bounded beams in water.

2. VELOCITY·TRACTION TRANSFER MATRIX FOR SINGLE LAYER

Consider the elastic layer in Fig. I with thickness d. Let the coordinate system be
chosen so that the x coordinate is parallel and the z coordinate is perpendicular to the layer
with the origin a distance b below the layer's bottom surface. Assume the conditions of
plane strain and let the waves in the layer be represented in terms of the longitudinal
and shear wave potentials t/J and 1/1 given by

t/J = (</1' eia
: + </1" e - illZ) ei(ux -wI),

1/1 = (1/1' ei/iz + 1/1" e-i/iZ) ei(ux-wl), (1)

in which w denotes the frequency and (J is the x component of the wave number. It follows
that

(J =k sin () =K sin y, (2)

where k and K are the wave numbers for longitudinal and shear wave vectors making acute
angles () and y, respectively, with the z axis. The z components of the wave vectors, (1. and
P in eqns (1), are defined by

(3)

If Vx, Vz and Z.., Zz denote the tangential and normal components of velocity and stress
on planes of constant z associated with the wave functions in eqn (1), then, from
Brekhovskikh[5], we obtain (omitting the ei(ux-w/) factor)

{

viz) } {</1' + </1"}
_ vz<z) _ </1'-</1"_T

f(z) - Zz(z) - T(z) I/J' -1/1" - (z)4>,

Ziz) 1/1'+1/1"

where T(z) is following 4 by 4 matrix function.

(4)

T(z) =

{

iq cos (az)

- a sin (az)
- iJlw - 1(jJ2 - (12) cos (az)

2Jlw -lal1 Sin (az)

-(1 sin (az)

ia COS (az)
JlW -1(jJ2 - (12) sin (az)

- i2JlW - 1(%(1 cos (az)

- iP cos(pz)
- (1 sin (pz)
- i2Jlw -1(1p cos (pz)

JlW -1«(12 - p2) sin (pz)

Psin(pz) }
i(1 cos(pz)
2Jlw -Iqp sin (jJz)
iJlw -1(jJ2 - (12) cos (jJz)

(5)

in which p. is the shear modulus of the elastic layer.

b

1.
Fig. I. A single elastic layer containing a system of longitudinal and transverse hannonic plane

waves.
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When considering waves in multilayered media it is useful to obtain a transfer matrix
that relates fez) evaluated at thc top of a layer to that function evaluated at the boltom
of the layer, For the layer in Fig. 1, we obtain from eqn (4)

f(b + d) =T(b + d)eJ), f(b) =T(b).p, (6)

Since the matrix T(b) is not singular the second of eqn (6) can be solved for eJ), which
can then be substituted into the first to yield

feb +d) =T(b +d)T-'(b)f(b), (7)

Thus the matrix T(b + d)T-'(b) is the desired transfer matrix.
In Thomson[4] and in the subsequent treatment ofBrekhovskikh[5] this transfer matrix

was explicitly calculated for the case b = 0, Le. when the bottom of the layer is at z = O.
The result was then applied to each layer of a multilayered medium regardless of the
location of the layer relative to coordinate system. In order for such a procedure to be
valid it is necessary to show that

(8)

for all b.
The matrix T(z)T-1(zo) is called the propagator matrix and denoted as P(z, zo) in

Gilbert and Backus[ll). The proof of eqn (8) establishes a translation property
P(z, zo) =P(z - ZO' 0) of the propagator matrix in the present application. The formulation
in Dunkin[7] is somewhat different from that used here and in [4,5] and Haskell[l2]. In
that paper. Dunkin expresses the matrix corresponding to T(b +d)T-1(b) in the form
tE(d)1'-I. Since this form is independent of b, it follows that eqn (8) must be valid.
Therefore eqn (7) can be replaced by

where

feb +d) =A(d)f(b),

A(d) =T(d)T-I(O)

(9)

(10)

(11)

is the transfer matrix given byeqn (6.6) of Brekhovshikh[5], if the last row of that matrix
is multiplied by 2p and the last column is divided by 2p, i.e.

(

all al2 au (2P)_laI4)
A(d) = a21 a].2 a23 (2p)-la24

a31 a32 a33 (2p) - Ia34 '
2pa41 2pa42 2pa43 a44

where the elements aij are given on p. 64 of [5], wherein

P = «d, Q = pd, b =J;iP, c =J(). +2p)/p,

in which A and p are the Lame constant and density of the elastic layer.

(12)

3. RBFLBCTION COBFFICIENT FOR MULTILAYERED ELASTIC MEDIA

Next consider the structure shown in Fig. 2, which consists of n elastic solid layers of
thicknesses db t4•... ,d" on an elastic half·space. This structure is submerged in a fluid
from which a plane longitudinal acoustic wave is incident. The origin of coordinates is
located at the interface between the bottom layer and the substrate. In each medium the
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dz

'/f.
o

2

Fig. 2. A halfspace with n elastic layers under a fluid with incident plane acoustic waves.

longitudinal and shear wave potentials have the representation

4>" = (4),,' e irltz + 4>,," e- iakZ) ei(ax-wl)

.""=(",,,'eiPkZ+"'''''e-iPkZ)ei(aX-WI),k = 0, 1,2, ... , n + 1. (13)

Since no shear wave occurs in the fluid, '" ~ + I and"';+ I are identically zero. Also 4>0' and
1/10 are zero because only downward traveling waves occur in the substrate. Snell's law is
given by

(J =kksinOk="ksiny",k =0, 1,2, . .. ,n + 1, (14)

where kk and "k are the wave numbers for the longitudinal and shear wave vectors making
acute angles Ok and y", respectively, with the z axis. The z components of the wave vectors,
(Xk and Pk in eqns (13), are defined by

(15)

Of course "n + 1 and Pn + 1 do not exist since the fluid is assumed to support only longitudinal
waves.

Define Dk as the distance from the origin to the top of the kth layer (Fig. 2)

Then from eqn (9)

k

Dk = L ~,Do=O.
j-I

(16)

(17)

The conditions of continuity of velocity and traction stress components at the layer
interfaces is expressed by

so eqns (17) and (18) together yield

(k(Dk) = A,,(d,,)Ak_l(dk_ 1) ••• A1(d)fo(0).

(18)

(19)
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From eqns (4) and (5) and the fact that rPo' and "'0' vanish it follows that

where

751

(20)

(21)

From eqns (19}-(21) we obtain

(22)

in which the matrix product is performed in the order indicated in eqn (19).
It remains only to satisfy the interface condition between the fluid and top layer. Using

eqns (4) and (5) and setting Jln+1t "':+1 and "'~+I to zero we obtain

(23)

where

(24)

The fluid-solid interface conditions,

yield, with use of eqns (22) and (23), the system

c(n)'/'''+c(n).I'''=ia. eiP" + I'/" -ia. e- iP" + I'/'''
21.,,0 22'1'0 n+ I "'n+ I n+ 1 "'n+ It

c(n)'/'''+c(n).I,''= -iA. k 2 CO-I eiP" + I'/" -i). k2 ",-1 e- iP" + I'/'''
31.,,0 32'1'0 n+1 n+1 "'n+1 n+1 n+I"'" "'n+I'

c~1rPo"+ C~~"'o" = 0,

in which the 4 by 2 matrix en is defined by
n

en = (C~;» = n Aj(dj)B.
j-I

(26)

(27)

The reflection and transmission coefficients are obtained from eqn (26) by solving for
the ratios rP~+ drP:+1t rPO"/rP:+I and "'o"/rP:+1' We will be concerned with only the reflection
coefficient, which can be expressed as

(28)

where

(29)

in which Cft+ 1 is the acoustic wave speed in the fluid.
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The reflection coefficient given by eqns (28) and (29) has the same form as eqn (17)
of Bogy and Gracewski [1), which was obtained for a single elastic solid layer on an elastic
substrate submerged in a fluid. Indeed the present result reduces for the case n =: 1 to that
obtained in Pl.

The result obtained here can also be altered to the case in which the substrate is a fluid.

In that case t/Jo" vanishes and B{~~} in eqn (21) becomes

[ . • • - I 2 L. 2 O]TA. IIla, - lao, - IW "'0"'0' '1'0' (30)

The first two of eqn (26) provide two equations for the reflection and transmission
coefficient and the third requires c~1 =: 0 so that Ll }"J = dfJd1, i = 2, 3. The form of R
remains as given in eqn (28), which differs from the corresponding r"Csult on p. 66 of [5]
by the presence in eqn (28) of the phase term e -I2Pu I.

If we define

(31)

and also define R by

(32)

then Rdiffers from R in eqn (28) by the absence of the phase term. It follows that jRI= IR I,
and therefore the absence of the phase term is not important if the modulus of R is all
that is required. However, for applications such as in the calculation of nonspecular
reflection of bounded beams the phase of R can be important.

4. NUMERICAL RESULTS FOR TWO LAYERS ON A SOLID SUBSTRATE

In the remainder of this paper we are concerned with a layered structure that has two
solid layers on a solid substrate. In particular we consider the structure shown in Fig. 3,

3 WATER

Ijt. 4>.
o 0

Fig. 3. A copper halfspace with nickel and silver layers under water with incident plane acoustic
waves. Material parameters used are listed below:

Material p(gm/cm) c(km/sec) b(km/sec)

Water 1.0 1.48
Silver 10.5 3.60 1.59
Nickel 8.8 5.63 2.96
Copper 8.9 4.70 2.26
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which has a copper substrate (material 0) with a nickel layer (material I) of thickness d1

and a silver layer (material 2) of thickness d2• Material 3 is assumed to be water. We wish
to investigate the relative effects of different layer thicknesses on the magnitude of the
reflection coefficient, the dispersion curve for the lowest leaky Rayleigh mode, and the
reflected beam profiles for nonspecular reflection of beams incident at the Rayleigh angle.

From the material parameters given in Fig. 3 it is clear that in the case d1 == 0 a single
layer of silver covers copper, which is a "loading" case of Farnell and Adler[3}, whereas
in the case dz=0 a single layer of nickel covers copper, and this is a "stiffening" case of
[3]. The reflection coefficient for the single layer case was studied extensively in Bogy and
Gracewski [2], which serves as a basis for understanding the results to be presented here
for the two layer case.

Reflection coefficient
For a fixed set of materials the reflection coefficient is a function of the incidence angle

03 and a frequency-thickness parameter fd2• Figure 4 presents a study of the dependence
of IRion sin 83, In each of Figs. 4(a-t) the ratio dtldzof layer thicknesses is fixed and IRI
vs sin 83 curves are presented for six values for fd. or fdz (except in Fig. 4(e) where curves
are presented for only five values offdz for reasons to be discussed). In these computations
we kept f fixed at 4 MHz and allowed d,. to take the six values 0, 0.2, 0.4, 0.6, 0.8 and
1.0 mm. As real sin 83 varies from 0 to I it follows from eqn (14) that (I varies from 0 to
k3• In the complex (I-plane this is along the real axis from the origin to the value k3, which
is a branch point of the complex function R because of eqn (15). As in [2), we find it
instructive here to evaluate IRI along a path slightly below the real axis in the (I-plane.
Therefore, for all results in Fig. 4, IRI has been calculated along the path (I == (Ill - iO.ool,
o~ (TR ~ k:h with sin 03 = (TRlk3 • This offset does not noticeably alter IRI from its value
along the real axis except near the zeros of R that occur below and close to the real axis,
and which are also complex conjugates of poles of R that correspond to leaky Rayleigh
modes of interest in connection with nonspecular reflections ofbounded beams. Therefore
the slight offset provides additional information because the small dips in the IRI curves,
which occur in the otherwise flat portions extending to sin 83 == 1, locate the incident
Rayleigh angles for the various leaky Rayleigh modes. It should also be noted that in each
of Figs. 4(a-t) only the top curve is properly positioned relative to the ordinate scale. The
other curves have been shifted downward for clarity and ease of comparison. For each
curve IRI = I in an interval ending at sin 83 = 1.

In Fig. 4(a), d. == 0 so the structure is water-silver-copper, which is a single layer
"loading" case. The results here are qualitatively similar to Fig. 3 of [2}, which presents
corresponding curves for the loading case of water-brass-stainless steel. In the top curve
of Fig. 4(a), dz= 0 and the reflection coefficient shows the familiar liquid-solid curve [2, 5}
for water-copper. The cusp near sin 83 == 0.32 corresponds to the longitudinal wave
number ofcopper, and the kink where lRI again takes the value ofuDity, near sin 83 == 0.66
corresponds to the shear wave number of copper. The slight dip near sin 83 == 0.7 locates
the leaky Rayleigh mode for water-copper. As the thickness liz increases the other curves
in Fig. 4(a) depict the changes in IR/ vs sin 83, Higher leaky Rayleigh modes emerge from
the copper shear wave number. This is indicated by the additional slight dips in the right
hand portion of the curves. The lowest Rayleigh mode moves toward the silver Rayleigh
mode, but the zero that causes the dip in IRI vs sin 83 curve moves too far away from the
real axis for the tell-tale dip to be seen. The root locus in the complex (I-plane for this
particular mode will be discussed in detail later. The portion of the curves in Fig. 4(a)
between the longitudinal and shear wave numbers for copper have a structure that is
determined by Lamb-type modes as discussed in Pitts et aI. [6] and [2]. The sharp down
spikes, as seen for example on thefdz== 1.6 and 3.2 curves, represent zeros of/R/ very near
the real (I-axis, and they correspond to leaky Lamb-type modes.

In Fig. 4(b), both the silver and nickel layers are present with their thickness ratio fixed
at d./dz=0.5. There are two observable qualitative differences between Fig. 4(a) and Fig.
4(b). In Fig. 4(a) the IRI== I region remains fixed at the sin 83 values beyond the copper
shear wave number. In Fig. 4(b) we see tbat this region moves toward the shear wave
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Fig. 4. Dependence of plane wave reflection coefficient on the ratio of layer thicknesses and a
frequency-thickness parameter.fd, and/d) have units of MHz· lOIn. Only the top curve is properly
positioned with respect to the ordinate axis in each graph, i.e. IR I= I at sin 8) = I for alt curves.

The structure is as shown in Fig. 3.

number for nickel, about sin 83 =0.50, as ~ increases. Likewise the mid region, where
Lamb-type modes determine the structure, is tending toward the region between the
longitudinal and shear wave numbers for nickel. This trend is continued in Fig. 4(c), where
the layer thickness ratio is fixed at dl/~ == I. In Figs. 4(d) and 4(e) where dd~ = 2 and 5,
respectively, we observe a further continuation of this trend with an increasing amount
of small scale structure in the mid, Lamb-mode, regions of the curves, but with very little
change in the right hand, Rayleigh-mode, regions. In Fig. 4(e), where dtldi = 5, the IRI vs
sin 83 curve is not presented for f~ == 4.0. This is due to the fact that the accuracy of the
computation becomes less as the thickness of the layers increases. Thin layer results can
be calculated with single precision, but the thick layer results required double precision.
Even double precision was not sufficiently accurate on the IBM-4341 computer to compute
the result in Fig. 4(e) for fd2 = 4.0. This accuracy problem is associated with the evaluation
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of trigonometric functions at large arguments. A related computational difficulty has been
discussed by Dunkin[7] and Schwab and Knopoff[13].

Finally, Fig. 4(f) presents IRI vs sin 83 for ~ = 0, which is the single layer "stiffening"
structure of water-nickel-copper. This figure is qualitatively similar to Fig. 4(a-<1) of [2],
where the structure is water-stainless steel-brass. The top curve, where dl = 0, again
presents the liquid-solid result for water-eopper. As predicted in [3], and also seen in [2],
an increase in dl causes the Rayleigh mode to move to the shear wave number of copper
and cut off as a propagating mode. The eventual emergence of the nickel Rayleigh mode
as dl increases is discussed in detail for the stainless steel on brass structure in [2J. It will
also be discussed further here in connection with the pole trajectory analysis to be
presented next.

Trajectories of the lowest leaky Rayleigh pole
As indicated earlier the propagating Rayleigh-type interface waves correspond to poles

of the reflection coefficient R in eqn (28). These poles are zeros of the denominator
A~) +ZI}A ~), and they are paired as complex conjugates with zeros of the numerator
A~) - Z"A ~). When the fluid is absent Z" vanishes, and the numerator is identical to the
denominator. The Rayleigh mode zeros of A~) in this case are real, and the waves
propagate without attenuation. When the fluid is present the Rayleigh mode zeros of
J~2) + Z"Jc;) are complex and the attenuation of the leaky Rayleigh wave is given by the
imaginary part of the pole.

Figure 5 shows trajectories in the complex O'-plane of the lowest Rayleigh mode pole
as d2 changes at fixed frequency if = 4 MHz) for various fixed ratios of dl/~' The curve
for dl = 0, the single layer loading case of silver on copper, is qualitatively in agreement
with the trajectory shown in Fig. 3 of Chimenti et al. [8J for the single layer loading case
of copper on stainless-steel. It begins, with d2 = 0, at the water-copper Rayleigh pole,
0' ::: 11.9 + iO.I7, and approaches the water-silver Rayleigh pole, 0' = 16.4+ iO.53, as d2
increases. The four dashed lines in Fig. 5 give an indication of the values of~ along the
curves. Notice that the magnitude ofIm(O') for the pole (and hence also the conjugate zero)
increases to a maximum and then decreases slightly as ~ increases. The slight dip at the
Rayleigh angle in the top curve of Fig. 4(a) corresponds to the conjugate zero for the
water-eopper Rayleigh pole. It was noted in the discussion of Fig. 4(a) that the dip
vanishes as d2 increases because the zero moves away from the real axis, as seen for the'
conjugate pole in Fig. 5.

The pole trajectory in Fig. 5 for dl =0.5d2 is similar to that for dl =O. The trajectory
for dl ::: d2, however, is different for small values of d2 in that a closed loop occurs. Since
the phase speed of the corresponding leaky Rayleigh mode is inversely proportional to the
real part of the pole, this loop will lead to a local minimum in the dispersion curve (to
be discussed more later with the aid of Fig. 7). The trajectory in Fig. 5 for dl =2d2 does

n) _,"
/2) Go -. iU,<3> •• __,

CIU _,-zttJ,

..
1.

--- d•

. 8

. 6
bv
e .4....

.2

(6. 11 J2 J3 J4 J5 J6 J7

Re (u)

FiJ. S. Trajectorica in the complex er-plane of the lowest Rayleiah mode pole as d, (mm) chanaes.
with frequency of 4 MHz and for various ratios of ddd,. The structure is as shown in Fig. 3.

1m <AJ) > O.
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not have a closed loop but the real part first decreases to a minimum and then increases
as d2 increases.

The pole trajectories for the cases d1 = 5d2 and d2 =0 are considerably more compli
cated than those shown in Fig. 5 and require the separate Fig. 6 for explanation. The
difficulty occurs when ddd2 reaches a large enough value such that the trajectories intersect
the real axis near (J = II. Consider first the case d2 = 0 which is the single layer stiffening
case of nickel on copper. The pole trajectory for this case in Fig. 6 is qualitatively similar
to Fig. 5 of [2J which gives the corresponding pole trajectory for the single layer stiffening
case of stainless steel on copper. The trajectory begins, with d2 =0, at the water-eopper
Rayleigh pole and moves to a real value near 0' = II, which is slightly less than the copper
shear wave branch point. According to [3] the Rayleigh mode cuts off at that point and
does not propagate for larger values of d2• As pointed out in [2], however, the water-nickel
Rayleigh pole at 0' = 9.2 + iO.09 is approached as d2 becomes large. This trajectory can
be fonowed backward for decreasing values of d2• In Fig. 6 there are two sets of pole
trajectories for each layered structure that correspond to two different branches of the
multivalued function Po. The trajectory for one branch is drawn with a solid line, that for
the other branch is a dashed line. There is also a vertical dashed line which passes through
the real shear wave number for copper. To the right of this vertical line the trajectories
on the branch Im(A» > 0 are shown with a solid line and those on the branch Re(f1o) > 0
are dashed. To the left of this line the reverse holds, i.e. the 1m (fJo) > 0 trajectories are
dashed and those for Re(Po) > 0 are solid. It is our conjecture, that the solid line trajectories
to the right of the vertical dashed line represent the leaky Rayleigh mode pole trajectories
that correspond to those shown in Fig. 5 for different ratios of dtl~. If this is the case then
the trajectories are discontinuous in the presence of the liquid and the mode does not
propagate for d2 in the range 0.033 < d2 < 0.135 mm (i.e. the dashed portion of curve 5 in
Re(O') < ILl) and for d1 > 0.13 mm for d2 = O. We have observed that in the absence of
the liquid an of these trajectories lie on the real axis except the portion that connects the
nickel Rayleigh pole to the copper shear wave number, which remains complex between
its real end points. Thus in the absence of the liquid the pole trajectories are continuous.

In light of the above discussion the Rayleigh pole trajectory for d1 = Sd2 in Fig. 6 starts
at the water-copper Rayleigh pole at d2 = 0 then decreases to the dashed vertical line near
the real axis. It is then discontinuous and starts at a point near 0' =11 + iO.29, moves to
the right and eventually approaches the water-silver Rayleigh pole as d2 increases.

This root behavior is quite complex, and further information could be obtained to
support or discredit our conjecture by experiments and/or calculations of displacement
profiles of the type presented in [3].

Dispersion curves for the lowest leaky Rayleigh mode
The pole trajectories shown in Figs. 5 and 6 provide the phase velocities for the

corresponding leaky Rayleigh modes. The real part of the pole determines the velocity c

1. ,...------------,
-R.(So»Q I -lmiSol>O
-·-lmt.8~»ol -~-R.(.eol"O

:: i //~_.,
o I // ,,'" .,. ... '....... 4(II I 6._.- ./

;, ~ -- ~ .'
E ~'''''' ...... ~ ...... - , ......

....... 2 -:._ •••• -- (51 d,·Sd.

I ~~ (61 d,'O
5, T~,

e. '_ I

I

-.29 Ie 11121314151617

Re (0)

Fig. 6. Trajectories in the complex a-plane of the lowest Rayleigh mode pole, as d1 changes. The
frequency is 4 MHz and the structure is shown in Fig. 3.
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c =wIRe «(1).

757

Q- "cd. For CD - C5J
o-ICod, Fo,.. (6)

Figure 7 shows the dispersion curves for the various layer thickness ratios dl/d". Here we
plot c vs Q, where Q is the dimensionless quantity defined by

The curves start for Q =0 at the Rayleigh wave speed for copper and are asymptotic as
Q increases to the Rayleigh wave speed of silver. The curves for dl =0 and d. =O.5d2

decrease monotonically, but the curves for d l =d2 and dl =2d2 have local minima and
maxima near Q = I corresponding to the small loop and section of decreasing magnitude
on the trajectories in Fig. 5. The curve for d2 =0 in Fig. 7 monotonically increases to the
copper shear wave speed where the mode cuts off. Finally, the curve for dl = 5d" has a
dashed portion that corresponds to the dashed portion of curve 5 in Fig. 6 in the region
Re «(1) < ILL The propagation of waves with such speeds remains in question.

Nonspecular reflection of bounded beams in fluid
.The phenomenon of nonspecular reflection of bounded acoustic beams incident from

the fluid at a Rayleigh angle on the liquid-solid and the liquid-solid-liquid (single elastic
layer in fluid) structures has been discussed in [9, 10]. In Bertoni and Tamir[9] the
phenomenon is thoroughly explained in the context of the liquid-solid structure. The
explanation was extended to the liquid-solid-liquid structure in Pitts et aI.[IO]. The basic
phenomenon and its mathematical representation are independent of the type of layered
structure. If the incident beam is near a Rayleigh angle (i.e. sin 83 has the value
corresponding to one of the slight dips in the right portions of Figs. 4a-f) it excites the
leaky Rayleigh mode so that only part of the beam energy is specularly reflected and the
other part begins to propagate as the leaky Rayleigh wave. This mode leaks its energy back
into the liquid as a wave that propagates away from the structure at the same angle as
the specularly reflected part. The sum of these two reflected and reradiated parts combine
to give the nonspecularly reflected beam. In [9] the incident bounded beam was represented
as a Fourier integral of plane waves over all wave numbers. The incident beam profile is
assumed to be a Gaussian function, which gives a simple Fourier transform. The reflected
beam is a similar Fourier integral, but contains the reflection coefficient R as a factor in
the integrand. The integrals for the reflected profiles can either be evaluated numerically
using the entire reflec~on coefficient or the reflection coefficient can be approximated in
the neighborhood of the Rayleigh angle in terms of its poles and zeros. Two basic types
of nonspecularly reflected profiles have been identified, depending on the type of
pole-zero pair that determines the leaky mode. These were identified in Pitts et al. [10] as

2. 5 1-:,-:::---:).-:,-.,,-----'
: " '\ e (2) elJ -. Sdz '
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3 1 234 567

Q

Fig. 7. Dispersion curves showina lowest Rayleish mode phase speed as a function of the
dimensionless parameter Q.
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Rayleigh-type, where the pole-zero pair are complex conjugates, and as Lamb-type, where
the zero is real and the pole is complex with the same real part as the zero and with a
positive imaginary part. Approximations for the reflected beam were developed for both
types of modes. (We have observed in [2], where the structure is a layered half-space, that
modes can also occur which are neither Rayleigh or Lamb type.)

It has been found in [10] that the reflected beam profiles for both the Rayleigh and
Lamb-type modes depend on the half beam width projection Wo and the imaginary part
of the pole (J/ through the parameter h defined by

(33)

In the present paper we restrict the study of nonspecularly reflected beam profiles to those
of the Rayleigh-type and as determined by the lowest Rayleigh modes whose pole
trajectories are shown in Figs. 5 and 6. The profile computations were made according to
eqn (8) of [10) using the reflection coefficient presented here in eqn (28).

Figure 8 shows an incident Gaussian beam profile (dashed curve) with Wo =2.67 mm
and several reflected beam profiles that correspond to the Rayleigh poles in Fig. 5 on the
trajectory for the case d1 =d2 = d. The particular values of d chosen are d =0.1, 0.125,
0.15, 0.175 and 0.2mm, which give values of (J1=0.156, 0.218, 0.397, 0.652, and
0.749 (mm)- J, so that the values of h in eqn (33) are h = 0.416,0.583, 1.06, 1.74 and 2.0,
respectively. The profiles in Fig. 8 agree with the Rayleigh type profiles in Fig. 60£[10)
in cases where the same values of h can be identified, even though the reflection coefficient
is different.

Figure 9 shows reflected beam profiles corresponding to the Rayleigh poles obtained
from Figs. 5 and 6 along the dashed line for t4. = 0.15 rom and for the ratios ddd2 = 0, 0.5,
1, 2 and 5. The values of (JI are 0.547, 0.404, 0.397, 0.468 and 0.509 (mm) -1, giving values
of h = 1.46, 1.08, 1.06, 1.25 and 1.36, respectively. Of course the incident angle 03 has to
be adjusted to correspond to (JR = k3 sin°3, The similarity of these profiles results from the
closeness of the imaginary parts (JI'

5. DISCUSSION AND CONCLUSIONS

In Section 2 we established the result in eqn (8), which had previously been assumed in
[4, 5] without proof or discussion. This result is important, since it leads to significant
simplification in the derivation of and the expression for the reflection coefficient for
multi-layered media. Such a reflection coefficient was derived in Section 3, and the result
obtained in eqn (28) differs in its phase from the corresponding expression presented in
[4, 5]. This difference is unimportant if the reflection coefficient amplitude is the only thing
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desired. However, the phase of the nonspecularly reflected beam is also affected by the
phase of the reflection coefficient, and this may be important in some applications.

In Section 4 the particular layered structure in Fig. 3 was studied. Numerical
computations of IRIwere presented graphically for various values of layer thicknesses. The
structure chosen for study, i.e. silver and nickel layers on a copper substrate, has the
property of a single layer "loaded" halfspace when the nickel layer vanishes and the silver
layer remains. It has the property of a "stiffened" halfspace when the silver layer vanishes
and the nickel layer remains. These special cases were studied previously in [2], but with
different materials. The computation of the results presented in Fig. 4 incurred some
difficulties as the layer thicknesses increased. In particular thefd2 =4.0 curve for Fig. 4(e)
could not be calculated with sufficient accuracy using our numerial technique. Further
work needs to be done to remove this difficulty, which is associated with the evaluation
of trigonometric functions at large arguments.

The study of nonspecular reflection of bounded beams incident in the fluid at the
Rayleigh angle requires the location of the pole-zero pairs associated with the propagating
Rayleigh modes. These Rayleigh modes appear in increasing number in the layered
structure as the frequency-thickness parameter increases. We concentrated on the lowest
such mode and presented in Figs. 5 and 6 trajectories of the pole in the complex wave
number plane, corresponding to changing layer thicknesses. There are several multivalued
functions in the reflection coefficient that result from the C%k and fJk defined in eqn (15). A
particular choice of branches leads to a particular set of pole trajectories and therefore
determines the predicted propagating modes. It also determines the reflection coefficient.
The corresponding branch point /(0' associated with the shear wave speed of the copper
substrate, occurs in Figs. 5 and 6 at about u = 11.1 + iO. This is the cause of the complexity
that appears in Fig. 6. Here the trajectory crosses into the region Re(u) < /Co, the branch
is chosen according to Re<Po) > 0, and the shear wave in the substrate propagates away
from the layers, leading to a leakage of the energy into the substrate. For thick enough
layers, so that on curve 6 in Fig. 6 the trajectory value of Re(u) approaches the nickel
Rayleigh pole, near Re(u) = 9.2 (mm)-I, negligible wave energy reaches the nickel-copper
interface and so the leaky substrate problem does not arise. However, in the neighborhood
of Re(u) = /(0 - the substrate leakage is significant, and the Rayleigh type modes do not
propagate.

The dispersion curves in Fig. 7 show some interesting properties as the layer thickness
ratios change. The curves are drawn as solid lines when the phase speed is less than the
shear wave speed C'o of the copper substrate. The dashed part of curve 5 indicates our
reluctance to speak of the mode as propagating in this region. The maximum and
minimum in curve 4 could possibly be of interest in the design of signal processing devices.

The nonspecularly reflected beam profiles presented in Figs. 8 and 9 are very similar
to previously known results in [9, 10], given the root values ofIm(u) and the beam width
parameter woo We experienced a difficulty with the computation of the reflected beam
profiles for conditions in Fig. 5 when the pole occurs in neighborhood of the silver
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Rayleigh pole, a ~ 16.4 + iO.53. This difficulty arises because the fluid acoustic wave
branch point kJ occurs at 16.9 + iO, and the meaning of the reflection coefficient, which
appears in the Fourier integral representation of the reflected beam profile in eqn (8) of
[10], is unclear for Re(a) > kJ • A simple disregard for this difficulty leads to obviously
incorrect results for the reflected beam profiles. The different branch choice for G(J produced
unfamiliar reflected beam profiles in which we had little confidence. Further work needs
to be done on the integral representation and its computation in this region. This problem
is even more apparent if one uses gold in place of silver for the top layer. This is because
the Rayleigh wave number for gold is greater than kJ • Evidently the Rayleigh wave
in gold cannot be excited by acoustic waves in water.
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